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The definition of generalized handcuffed designs given in this article includes, as a 
particular case, the definition given by Hung, Mendelsohn, and J. F. Lawless. In the 
first part, we provide the reader with a general method so as to obtain such designs. 
This method is called a “difference method.” Theorems 2 and 3 are but direct 
applications of this “difference method.” The second part deals with fhe question: 
How can we, from a given design, obtain a larger design? Theorem4 gives an 
answer. As a conclusion, we use parts 1 and 2 in order to point out the existence of 
three particular classes of generalized handcuffed designs. 0 1987 Academic Press, Inc. 
1. INTRODUCTION 
The concept of handcuffed designs (HD) has originally been introduced 
by Hung and Mendelsohn [l]. These authors together with J. F. Lawless 
[3] have studied these designs and obtained a series or results about their 
existence. Then, Hung and Mendelsohn [2] proved that the conditions 
Av( v - 1) = 2b(k - 1) and bk = ru are necessary and sufficient for a handcuf- 
fed design of b blocks and parameters v, k, /1 to exist: they settled the 
existence question for such designs. The definition of a generalized hand- 
cuffed design we give below includes as a particular case (t = 2) Hung, 
Mendelsohn, and Lawless’s definition. 
DEFINITION. Let us consider a v-set V and fi = (II,, B2,..., Bb) a set 
of blocks which are ordered k-subsets of V. Let us consider 
B, = (Q, 4,2,..., ai,k) and t < k. From Bi, we are able to create a set BT of 
(k - t + 1) t-subsets of V, 
B~=((aij,ajj+l ,..., aid+,-,),Vj=l ,..., k-t+l). 
If every element of I’ occurs in exactly r blocks and if every t-subset of V 
occurs in exactly I sets such as BT, we may say that /I is a generalized 
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handcuffed design and we name it a (u, k, t, /2)-HD. t will be called the 
strength of the (u, k, t, A)-HD. Then, it is easy to show that 
..I 
b=A 
t!(v-t)!;k-t+l) 
r=l 
(u-l)!k bk 
t!(v-Q!(k-t+l)=? 
Therefore, it is necessary for a (v, k, t, /2)-HD to exist that (I) and (II) be 
integers. 
EXAMPLE 1. The set of the following 30 blocks is a (6,4, 3, 3)-HD 
(r=20): 
(420, 42) (3,4,(x 1) (0,2,4, 3) (1,3,4,0) (3,&J, 1) 
(5,0, L3) (5,4,0,2) (0, 2, 54) (1, 52 4,O) (3,2,4, 1) 
(482 1) (4,5,0, 1) (0,3,5,4) (2, 1,3,5) (1, 2,5,4) 
(5,0,2> 3 1 (3,5,0,2) 675, LO) (2, 17 3, 5) (2,3,5,4) 
(4,0,3,1) (0, L3,5) (3, 2, LO) (3, 4 4,5) (L2, 5,4) 
(5,3,0,2) (0, L4, 5) (5,3,2> 0) (3,L 472) (2, 3, 5,4) 
Let us point out that the above generalized handcuffed design is of strength 
3 but is not of strength 2. Moreover some blocks appear identical, which is 
not in contradiction with the given definition. 
2. THE USE OF “DIFFERENCE METHOD” IN CONSTRUCTING 
GENERALIZED HANDCUFFED DESIGNS 
Lawless [ 11 uses a difference method so as to construct handcuffed 
designs of strength 2. The following theorem comes out as a generalization 
of Lawless’s difference method and makes possible the construction of 
generalized handcuffed designs of strength t > 2. 
THEOREM 1. Let us consider an additive group G of order v and the 
decomposition of G’ into right cosets of its subgroup N= {(a, a,..., a), 
‘dug-G), 
“I-IL 1 
G’=N+ c (uj + N). 
j=l 
Among the cosets uj + N, we can identify (V - l)!/(u - t)! cosets so that 
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the components of uj be different. Let us call these cosets uF + N. Let us 
suppose that there exists a set of 
m=l 
(u-l)! 
= c blocks 
t! (u-t)! (k-t-l) k 
AI= (a t,l? a2,1T-~T ak,l 1 I= l,..., m, 
such that among the m t! (k - t + 1) t-tuples 
(a a(n),17 a n(n + 1 ),I )‘..? a+ + f - 1 ),I 1 
in which rc runs in the whole set of permutations of (n, IZ + l,..., n + t - 1) 
for n = 1, 2,..., k - t + 1, we get A representatives of each coset Uj* + N. 
Then, the set of blocks 
Al + e = cat,! +k a2.1 + 8,--, a,&/ + e)? 
bf’8 E G, VI = l,..., m is a (u, k, t, A)-HD. 
Remark 1. In the case of the uiS, as representatives of the cosets whose 
components are all different, we may consider 
uj* = (07 aj,, cli,,-., aj,+,) 
in which {ai,, aj *,..., aj,-,} cG- (0). There are 
c:::(t- l)! =(v--l)! 
(u - t)! 
such uj*. 
Remark 2. In the case of t = 2, we are sent back to Lawless’s method. 
In fact, the cosets uj* + N then become all the cosets, except N. If among 
the (a,c,,,,, a++ 1j,J there exists A representatives of every coset uj* + N, it 
is because every non-zero element occurs A times among the differences 
a n.1 - a, + 1,1 and a, + 1,1 - an,,. 
The proof of Theorem 1 is an easy one. Therefore we are omitting it. 
In what follows we shall refer to the blocks A, of Theorem 1 as 
t-difference blocks. 
EXAMPLE 2. By applying Theorem 1 to the 3-difference blocks 
A, = (1,2,4, 3) and A2 = (3, 1,2,4) built on the set of integers 0, 1,2, 3,4 
mad(5), we can obtain a (5,4, 3,2)-HD which also appears as a 
(5, 4, 2, 3)-MD. 
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COROLLARY 1. Let us consider G the residue classes of integers 
0, 1, 2 ,... 9 v - 1 (mod v) and the set CI of m blocks A, = (al,l, a1,2 ,..., a,,k) built 
on G for 
(V- l)! 
1=1’2’-‘ym=t! (v-t)! (k-t+l)’ 
If k < 2t - 1 and t is not a factor of v, the following conditions 
(1) C~=bar,t+j+n#C~=barj+. (modt), Vj~{l,2,...,k-t-i+l} 
Vig (1, 2 ,..., k- t>, VZE {l, 2 ,..., m} 
(2) J$~f-la,J#~~~~-la,j (modt) V(i,i’)E{1,2,...,k-t+1}2 
V{I, /1} c (1, 2 ,..., m} 
imply that CC is a set of t-difference blocks which provides a (u, k, t, 1 )-HD. 
We are going to prove that, among the m t! (k- t + 1) = (v - l)!/(v - t)! 
t-twles (a,,(+ abxci+ I)~-.~ aw+ t- 1) 2 ) there exists only one t-tuple which 
belongs to a given coset N+ uj*. 
(1) If there exists two permutations 7~ and e such that (al,nCi), 
al,n(i+l)y...~ aLx(i+t-l) ) belongs to the same coset N+ uj* as 
(a ~,~(ip a/,,(i+l)y...7 af,w(i+r-l) , ) then agx(j) = alo + P, P # 0 (mod v), Vj = i, 
i + l,..., i+ t- 1. CI+‘-’ a J=i /,x(j) - j= i -Ci+‘-’ a,,CjI+pt and then put =uv 
(u integer). Further { aU; Vj = i, i + l,..., i+ t - 1> = (a,,i + j(uv/t); Vj = 
0, l)...) t - 1 }. 
i$,, (mod v), bj= 1,2 ,..., t - 1, because alJ # a,/ if j#j’. 
Then ju/t is not an integer Vj = 1,2,..., t - 1 and u and t have no common 
factor. As w/t is an integer, it implies that t is a factor of v, which is con- 
trary to the hypothesis. 
(2) If there exists a permutation 7t of (j+ n; n = 0, l,..., t- and a per- 
mutation g of {j+ n + i; n = 0, l,..., t - l> such that (a,,Cn, aLxCj+ 1J ,..., 
al,RCi+t-lJ belongs to the same coset N+ uj* as (agaCjti), al,,(j+i+l),..., 
ag,Cj+i+r-l)), thenC~=babr+j+n=C~=‘oalj+,mod(t).Thatisimpossibleif 
(1) is satisfied. 
(3) It is, in the same way as in (2), impossible that (aSnCiI, 
af,z(j+l)~...~ al,x(i+t-~) belongs to the same coset N+uj, as 
(a r,o(i’), a,,(, + 1) p...v a,:+ + $- 1J) if (2) is satisfied. 
The following theorem can then be a first application of our difference 
method: 
THEOREM 2. There always exists a (v, v - 1, v - 2, 2)-HD for v an odd 
integer > 3. 
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First, we note that the requiredconditions (I) and (II) for the existence 
of such a design are satisfied as b = u(u - 1)/2 and r = (u - 1 )2/2. 
Let G be the residue classes of integers 0, l,..., u - 1 (mod U) and the set o! 
of (v - 1)/2 blocks 
&= (1, 2,..., V- 1) 
A, = (2n + 1, 2n + 2 ,..., i, i + l,..., 2) - 1, 1, 2 ,..., 2n), 
when n = 1, 2 ,..., (u - 3)/2. 
We are going to show that CI is a set of t-difference blocks as considered 
in Theorem 1. For that purpose, we shall be using the same notations as in 
Theorem 1. 
(1) Out of one of the 2 t-tuples (2n -t- l,..., 2n - 1) and (2n + 2 ,.,., Z&z) 
from a A, or out of one of the 2t-tuples (1, 2 ,..., u - 2) and (2, 3 ,..., o - 1) 
from A0 and after applying all the possible permutations to their com- 
ponents, we get (V - 2)! representatives of (V - 2)! different cosets uj* + N 
because u - 2 is not a factor of v for u odd > 3 (see part 1 of the proof of 
Corollary 1). 
(2) (a) It is easy to show that, if iE (1,2} and if 7c is a permutation 
of (i, i + l,..., i + t - l), the only t-tuple from the A, which belongs to the 
same coset as nj= (7c(i), 7c(i+ 1) ,..., n(i+ t- 1)) is Ci.= (o(Z), o(i’+ 1) ,..., 
o(i’+t-1) with i’=2 (resp. 1) if i=l (resp.2) and o(i’+j)=x(i+j)+l 
(resp. - 1) if i = 1 (resp. 2). 
(b) Let us consider a given permutation rc of (j, j+ l,..., 
u - l,...,j- 2) (j> 3), there exists a unique j’ which belongs to 
(3, 4,..., 2) - 1> different from j, and there is a unique permutation D of 
(j’,j’+ l,..., u-l ,..., j’-2) so that U,=(rt(j),n(j+l) ,..., n(~--l),.“~, 
~(j- 2) and 
Xi,= (o(j’), o(j’+ 1) ,..., a(~- 1) ,..., o(j’-2)) 
belong to the same coset uj* + N. 
In fact, ZIj belongs to the same coset as (0, n(j + 1) - -n(j),..., rc(u - 1) - 
4jL.-, n( j - 2) - n(j)) and ,Zf belongs to the same coset as 
(0, a(f -t 1) - a(j’) ,..., d(u - 1) - a(j’) ,..., o(j’ - 2) -a(g)). 
Then, in order that Z7j and ,IJf belong to the same coset uja i-N, it is 
necessary that 
{-n(j),j-l-n(j)}={--S(j’),j’-l--,(p)}, 
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which is only possible, when j # j’, if 
i 
-z(j)=j’- 1 -a(j) 
-in =j- 1 -x(j). 
This system implies j’ = 2 -j (mod u) E { 3,4,..., u - 1 } and o(j’) = 
1 -j- rc( j). j’ and d are then uniquely determined if c( j’ + I) = 
l-j+rc(j+l)${O,j’-11 which is satisfied because rc(j+l)#j--1 and 
n(j+ l)#O. 
The following theorem provides us with a second application of the 
difference method. 
THEOREM 3. For 4 <k < 7, there is a (23, k, 3, k - 2)-HD which is also a 
(23, k, 2, 2(k - l))-HD. 
Once again we go back to the notations of Theorem 1. Let K be the 
Galois field of order 23 and x a primitive root of K. Let a be the set of 7 
blocks 
A,= (x (k - 2’1, X(k - 2)i + 1 ,..*> X(k-2)l+k- 1 1, I= 0, l,..., 6 
The triples obtained from the AI are 
( xi, xi+ 1, xi+2), i = 0, l,..., 7k - 15. 
Let (0, xi’, xi2)(xi1 #x”) be a representative of a coset uj* + N, we are look- 
ing for the (i, 7c)-solutions of the equation 
(0, x 
x(i+ 1) _ Xa(i), xdi+ 2) _ xxW) = (0, xit, xiz); 
that is, the (i, x)-solutions of the system 
xr(i+ 1) _ xx(i) = xh 
xn(‘+ 21_ xdi) = xi2 
xh + xi2 
3 
or the equivalent 
xn(i + 21 _ Xnw 
xn(i+ 1) _ xx(i) = 
xi2- it 
(1) 
xG + 1) _ XnU) = xi~ 
> Xi, # Xi,. (II) 
We note that Eq. (I) is independent from i; the reason is that when 7~ runs 
over the whole set of permutations of (i, i+ 1, i+ 2), (x?(~+~)-- xnci))/ 
(X”(‘+ 1) _ xw) runs over the set 
1 x+ 1, 1 1 x 1+x -, -x, --) -, - 
x+1 x1+x x I 
=K- (0, l}. 
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Therefore, Eq. (I) uniquely determines 7~ .z being determined in that way, 
there are exactly (k - 2) solutions to Eq. (II). In fact, owing to the value sf 
n given by (I), x”(‘+‘) - x”(‘) equals xi(x2 - 1) or xi( 1 - X) or xi(x2 -x) or 
x’(x - 1) or (~~(1 -x2) or xi(x - x2). But each of the above values runs 
over K- (0) (k - 2) times when i runs over (0, l,..., 7k - 15 >. 
Let us now show that the obtained design is also a 
(23, k, 2,2(k - l))-HD. The differences obtained neighbours in the blocks 
A, are: 
(1) $(Xi+’ -xi) = fx’(x - 1) for i = 0, l,..., 7k - 15 which is 
2(k-2) times every element of K- (0). 
(2) +-(xi(k-*)+l - xickP2)) = t (x~-*)~(x - 1) for i= 1, 2,..., 7, which 
is twice every element of K- (0) because, (k - 2) being prime with 
v - 1 = 7, xk-* is then also a primitive root of K. 
Finally, we have obtained, as a difference between neighbours in the 
blocks A,, 2(k - 2) + 2 = 2(k- 1) times each element of K- (0). The 
application of Theorem 1 to the set 01 of blocks AI shows us that we have 
obtained a design which is both a (23, k, 3, k- 2)-HD and a 
(23, k, 2,2(k - l))-HD. 
3. ADDITION OF AN ELEMENT TO THE SET 
ON WHICH A (u, k, t, A)-HD Is BUILT 
IN ORDER TO OBTAIN A (v+ 1, k, t, /Z(v-t+ l))-HD 
THEOREM 4. If there exists a (II, k, t,. A)-HD, then, there also exists 
a (v-t 1, k, t, 1(u - t + l))-HD, and therefore there also exists a 
(a’, k, t, a((~’ - t)!/(o - t)!))-HD when v’ > v. 
In fact, let us consider a (v, k, t, A)-HD constructed on 
V={ a,, a2, a3,-.., a,) and fl= (B,; i= l,..., b} the whole set of its blocks. 
Let us consider y +! V and V’ = (y, a,, a2 ,..., a,>. In the blocks of p, let us 
replace a, by y. We then obtain a(v, k, t, A)-HD PI constructed on 
V’ - (a,>, I,= (B,; i= l,..., b}. The set of l32 gives us: 
(1) I times the C:z\ t-subsets to which y belongs but a, does not 
belong. 
(2) I times the Ci:: t-subsets to which neither y nor al belong. 
Let us repeat the same operation Vu, E V and let us consider y = U;= 1 PI. 
A given t-subset (y, ai,, ai ,..., a,,+,) occurs ;L times in the set of BE in which 
ail (ai,, ai*,..., a,,-,); hence it will occur ,X(v - t + 1) times in the totality of 
the BE. 
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If we consider the set 6 = y u/?, we then obtain a (v+ 1, k, t, 
A(v - t + l))-HD constructed on V’. 
From the above design, we can obtain, in the same way, a (V + 2, k, t, 
A(v-- t + l)(v- t +2))-HD, and so on, on to a (o’, k, t, L((u’- t)!/ 
(U - t)!))-HD. 
COROLLARY 4. (I) There exists a (u, 4,3, (v - 3)!/3!)-HD. 
(2) There exists a (u + Z, Y - 1, u - 2, (I+ 2)!)-HD for z, ou’dprime and 
I integer. 
(3) There exists a (u, k, 3, (k-2)((v- 3)!/5!))-HD, which is also a 
(u, k, 2(k - l)(u - 3)!/5!)-HD when u > 8 and when 4 <k < 7. 
In fact, (1) is the result of the application of Theorem 4 to Example 1, 
(2) is the result of the application of Theorem 4 to the result of Theorem 2, 
(3) is the result of the application of Theorem 4 to the results of Theorem 3. 
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